
( Let f(x ,y ,z)
= x + y2 .

fx = 2x , fy= 2y, fz = 8 -

so of isorly 0 at (x , y ,z)= 0 .

So I is a regular value off . Hence fi(1)
= ((x, y ,2) : x+== 13

is a regular surface



2) No,
we cannotancudef.o is not a regular surae

f(x, y ,z)
= z2

. Clearly f-Co) is the xyplane and is a
regular surface .

But &x = 0 , fy= 1 , fz = 2z .

= If vanishes at 10 , 0 , 0) , => 10, 0,0) is a critical port off .
=> f(0 , 0 ,3) = 0 is a critical value off .

So we cannot conclude that f) isnot a regularsurface;



3) We show that f :-I is a differmaphism directly .

Let pel . Then me find parameterization
X : U=R->$ s.t. peX(U) , p

= X (4o
, vol ,

y : V = R->$ S.t . q
= f(p) = Y(V)

St. (Y
-

of oX) : H-V is differentiable at (20 ,vs)
Take X,Y be the standend panometerization forthe sphere .

net U
,
= 54 ,vs : U2+V <

.

let X: U . - $2 by
X . (n ,U) = (n ,V,N and X2: K , -> $2 by-)

ii) C 11
ItXz(u,) = (n , v, -- /I III
./↑ /* //0

L//-> -y
-x17

"/-/
Thenif plies in the image of Xis
foX

,(Us ,ve) =f (Uo , Voirors) - (- no --Vo ,-First .
= (Ho, -Vo,-Erd)1- End

iee
. f(p) lies in the image ofX2 .

So (X2" of oX) (no ,vo) = < 40 ,-vo)
which is clearly differentiable on a map from R

-> R2
.

Similarly , if peXz(U.) , then (X,
"

of 0x2) (no ,vo) = < no; vo)
is differentiable as a map from R2+R2.



So - is differentiable on amap from $2- $2 .

Finally, observe that f(f(x ,y ,z))
= f(- x,- y ,

-z)

=(x,y, z) ,
so f is its sun inverse .

So & : B- $2 is a differmaphism...



* k+ S= ((x, y,z) : x +y
= z] . Regarding R as a regular

surface in R3, we show the existence of a differmaphism
Note we can parameterize Sby X:R-S by
X(x,y) = (X, y , x+yz) .

Notethat the plane has timial prometerization by
Y(xy) = (x , y)S

Letf : S-> R2 be the map
f(x ,y,z)

= (x ,y)-
Then 4"ofox) (x ,y) =Gy 0 f)(x c y , xiy2)
= Y

- (x , y) = (x , y) .

which is differentiable as a map R-R2 .

letg
: R2tS by g(x , y) = (x , y , xxy2) .

Then clearly fog= id= gof . So g=f .

Moeover
, (x"of= - Y)(x,y)= (X- of y (x . y) = x

-

(x cy , xiy2)
=(x , y)

which is clearly also differentiable as amap from -> R2 .

So is a differumphion and S is differmaphica R2 /

,



5) We parameterize S my X(x , y , f(x , y)) -, p = (x0 ,y0 ,f(x0,yo)) .
Then Xx= (1 , 8 , fx) , Xy= (3 , 1, fy) ·

Since TpS
=

span [Xu(p), X-(p)3 , me findthe equation ofthetangent
place by finding the normal , is XxxXy :

xxxxy = (- fx , - fy , 1)
So the equestion of thetangent plane at p , is given by
-fx(X , y0)(x- x0) - fy(x0 ,y0)(y- y) + (z- f(x0 ,y0))=0 .

=

z= f(x
,ye) + fx(xx ,ye)(x- x0) + fy(xx ,yo) (y- yo) .

as required ↑

Recall of is given by (fx(xo , yo) fy(xo,yol]
Sodfg(xx,y) = fx(xo , yo)x + fy(xx ,yo) y
and the graph ofthis function is quien by
z= fx(xx , yy)x + fy(xs ,yo)y .

which matches the equation ofthetangentplane after translating
* (x

-,yo ,f(x0,yo)). /
,


